Abstract. We prove that the stable holonomies of a proper codimension 1 attractor Λ for a C r diffeomorphism f of a surface are not C 1+θ for θ greater than the Hausdorff dimension of the stable leaves of f intersected with Λ. To prove this result we show that there are no diffeomorphisms of surfaces with a proper codimension 1 hyperbolic attractor which are affine on a neighbourhood of the attractor and have affine stable holonomies on the attractor.
Introduction
Throughout this paper Λ denotes a basic set of a C 1+γ diffeomorphism f of a surface M with 0 < γ < 1. Thus it is assumed that Λ is compact, topologically transitive, hyperbolic and f -invariant set with a local product structure (see [?] ). If ρ is a smooth Riemannian metric on M and d denotes the corresponding distance on M then, for x ∈ M the local stable and unstable manifolds through x are defined by
−n ı (y)) ≤ ε, f or all n ≥ 0 where ι = s or u (s for stable, u for unstable, notation that we use throughout) and f ι is f if ι = u and f −1 if ι = s. By the Stable Manifold Theorem, these sets are C 1+γ submanifolds of M and are respectively contained in the stable and unstable manifolds
which are immersed copies of R. A full ι-leaf segment I is a subset of W ι (x) that is the image of an open subinterval under this immersion and a ι-leaf segment is the intersection J = I ∩ Λ of a full ι-leaf segment with Λ. The stable holonomies are maps between s-leaf segments defined by travelling along the unstable manifolds as explained in section ??. In [?] , it is proved that these maps have C 1+α extensions to the C 1+γ stable manifolds for some 0 < α < γ. Therefore, all s-leaf segments have the same Hausdorff dimension which we denote by HD s . Unstable holonomies, u-leaf segments and HD u are defined analogously (see section 1.1). Definition 1.1. Let h : I ⊂ R → J ⊂ R be a homeomorphism between two open intervals I and J. If 0 < α < 1, then h is said to be C 1,α if it is differentiable and if there is a positive function χ(t) which is o(t α ) such that for all points x, y ∈ I
Saying that χ(t) is o(t α ) means that lim t→0 χ h (t)/t α = 0. Note that, in particular, a C 1+β diffeomorphism is C 1,α for all β > α > 0. We say that a stable holonomy h : I −→ J is C 1,α if in charts h has a C 1,α extension to a full ι-leaf segment containing I. Let us briefly sketch the logic of the proof of Theorem ??. We start by introducing the notion of a transversely affine s-ratio function for such an attractor Λ. This consists of an affine structure on the stable leaves of Λ which is invariant under both the map f and the stable holonomies. By lemmas 3.3 and 4.1 in [?], such a transversely affine s-ratio function exists whenever the stable holonomies are C Before proceeding we introduce the notion of an affine model for Λ. We consider an atlas A on Λ consisting of charts i : U ⊂ Λ → R 2 (U an open subset of Λ) each of which has a C 1+γ extension to an open subset of M . We say that such an atlas A determines an affine model on Λ if (i) the overlap maps between the charts in A are affine; (ii) the map f is affine with respect to the charts in A; (iii) the images of the stable and unstable leaves under these charts are respectively contained in horizontal and vertical lines and the holonomies when viewed on these charts extend to affine maps from the horizontal lines to the horizontal lines and from the vertical lines to the vertical lines. Theorem 1.3. If Λ is a proper codimension 1 hyperbolic attractor, then there are no affine models for Λ.
1.1. Twinned leaves. Here, we define the notion of twinned leaves. Later, in §?? and §??, we prove that basic sets with the unstable twinned leaves do not support an affine structure and therefore cannot have C 1,HD s holonomies. We will use these results to prove Theorems ?? and ??, because we will prove in §?? that if Λ is an attractor then Λ has unstable twinned leaves. (i) an endpoint p of I and an endpoint q of J are periodic points under f ; (ii) (I \ {p}) ∩ (J \ {q}) = ∅; (iii) for all z ∈ I \ {p} there is a full s-leaf segment γ z in the stable manifold through z which has endpoints z and a point z ∈ J \ {q} such that γ z \ {z, z } intersects no unstable leaves of Λ.
Similarly, we define twinned s-leaves. It follows from this that if a sequence z n ∈ I \ {p} converges to p then the corresponding sequence z n ∈ J ∩ γ zn converges to q. Also, it follows that the periodic points p and q must have the same period. Remark 1.5. In the previous definition we allow the points p and q to coincide. We note that, in this case, because of the hyperbolicity of Λ, if p is different from q then there is no stable leaf containing both p and q (otherwise they would converge under iteration by f ).
Proper codimension 1 attractors
Lemma 2.1. If Λ is a proper codimension 1 attractor then Λ contains twinned u-leaves.
Proof: We call an unstable leaf an unstable free-leaf if there is a full s-leaf segment I transversal to the leaf which is the union I 1 ∪ {p} ∪ I 2 of two disjoint (non-empty) full s-leaf segments I 1 and I 2 such that I 1 and I 2 have a common endpoint p ∈ ∩ Λ and I 2 does not intersect Λ. By [?] , the set L of all unstable free-leaves is finite. Since the free-leaves are permuted by f , each one of these leaves contains a single periodic point P . Furthermore, L is equal to the union of pairwise disjoint subsets L 1 , . . . , L j which are charaterized by the following property: the leaves of each set L m form the boundary of an open connected set O m in M which does not intersect the basic set Λ.
We claim that for each leaf ∈ L m there are two leaves , ∈ L m , two points x ∈ and y ∈ on different sides of the periodic point P in and two points x ∈ and y ∈ such that x and x , and y and y are the endpoints of two full s-leaf segments γ x,x and γ y,y whose interiors meet no unstable leaves of Λ. It is possible that the cardinality of L m is one in which case = = and the claim just says that there are x and y in on either side of P with x and y joined by a full s-leaf segment γ x,y whose interior meets no unstable leaves. Also if the cardinality is two then = = and x , y ∈ and are on either side of the periodic point in .
This claim follows from the density of the unstable manifolds in Λ and the local product structure. From this it follows that if x ∈ then for some n > 0, f n (x) lies inside a small full s-leaf segment γ and, in γ, is contained between two points y, z ∈ γ ∩ Λ. We can then find a full s-leaf segment γ inside γ which also contains f n (x) so that to one side of f n (x) there is only a single point w = f n (x) in γ ∩ Λ. Let γ denote the part of γ between f n (x) and w. Then f −n (γ ) is the required full s-leaf segment through x, x is the other endpoint of f −n (γ ) and is the stable leaf through x . Since by construction f −n (γ ) \ {x, x } meets no unstable leaves of Λ, f −n (γ ) is the required full s-leaf segment γ x,x . On finds y and by taking y on the other side of P in and proceeding in a similar fashion. Now \ {P } consists of two immersed copies of the non-negative reals. If z ∈ \ {P } let (z) be the component containing z with P appended. Then, with the obvious notational convention, the pairs ( (x), (x )) and ( (y), (y )) are twinned leaves.
Remark 2.2. We observe that by [?] , f |Λ is topologically conjugate to an Anosov or pseudoAnosov map that has been unzipped along a finite set of leaves. It is these unzipped leaves which form L. Each set L m ⊂ L corresponds to the unzipping of a k-prong singularity where k is the number of leaves contained in L. The sets L m of cardinality one and two correspond respectively to umbilic singlarities and regular points.
Non-existence of affine models
Before proving the non-existence of affine models for proper codimension 1 attractors, we need to introduce some basic concepts.
3.1. Rectangles. Since Λ is a closed hyperbolic invariant set for f , for ε > 0 sufficiently small there is δ = δ(ε) > 0 such that for all points z, w ∈ Λ with d(w, z) < δ, W s (z, ε) and W u (w, ε) intersect transversely in an unique point which we denote by [w, z] (see [?] ). Since we assume that the hyperbolic set has a local product structure, we have that [w, z] ∈ Λ. Furthermore, the following properties are satisfied: (i) [w, z] varies continuously with w, z ∈ Λ; (ii) the bracket map is continuous on a δ-uniform neighbourhood of the diagonal in Λ × Λ; and (iii) whenever both sides are defined
Note that the bracket map does not really depend on δ provided δ is sufficiently small. Let us underline that it is a standing hypothesis that all the hyperbolic sets considered here have such a local product structure.
A rectangle R is a subset of Λ which is (i) closed under the bracket i.e. x, y ∈ R ⇒ [x, y] ∈ R, and (ii) proper i.e. is the closure of its interior in Λ. This definition imposes that a rectangle has always to be proper which is more restrictive that the usual one which only insists on the closure condition.
If and are respectively stable and unstable leaf segments then we denote by [ , ] the set consisting of all points of the form [z, z ] with z ∈ and z ∈ . We note that if the stable and unstable leaf segments and are closed then the set [ , ] is a rectangle. Conversely in this 2-dimensional situations, any rectangle R has a product structure in the following sense: for each x ∈ R there are closed stable and unstable leaf segments of Λ,
. The leaf segments s (x, R) and u (x, R) are called stable and unstable spanning leaf segments for R. If y is an endpoint of an unstable (resp. stable) spanning leaf segment then s (y, R) is called a stable (resp. unstable) boundary of R. By an endpoint of a leaf segment I we mean an endpoint of the minimal full leaf sgment containing I.
3.2.
Holonomies. Given a proper rectangle R and two points x, y ∈ R, we define the holonomy between two ι-leaf segments h :
Here ι ∈ {s, u} is the element that is not ι.
Ratio functions. Fix a C 1+γ
Riemannian metric ρ on M. This is a metric which in the charts of some atlas is given by g 11 dx 2 + g 12 dxdy + g 22 dy 2 where the functions g ij are Hölder continuous with exponent γ. If I and J are unstable leaf segments contained in a short unstable leaf segment K then we define 
where the segments I 1 , I 2 ⊂ K and I 1 and I 2 intersect at most in one of their endpoints. (ii) The ratios are invariant under f , i.e r u (I, J) = r u (f (I), f (J)); (iii) There exist constants 0 < α < 1 and C > 0 such that for every holonomy θ : I θ → J θ we have
whenever the u-leaf segments I and J are contained in a common u-leaf segment K ⊂ I θ . Similarly we define the stable ratio function r s (I : J).
Remark 3.1. We dropped the subscript ρ when defining r u (I, J) because r u (I, J) does not depend upon the particular choice of ρ and moreover it agrees with the other natural definition of the ratios in (??). One could define these ratios by fixing a finite atlas for M and then taking the ratio |I| i /|J| i where |I| i and |J| i are given as the Euclidean distance between the endpoints of the images of I and J in some chart i in this atlas. Taking a different chart j at worst we get
for some 0 < α < 1 and C > 1. Thus, the choice of which chart we use in this atlas is irrelevant when one takes a limit as in (??). Another way of defining the ratios uses the Stable Manifold Theorem which tells us that the leaves are C 1+γ submanifolds which vary nicely. This enables us to define a foliated lamination structure on the stable and unstable laminations and we can use this to measure the ratios. Details are given in [?] . All of these definitions lead to the same ratio function as that given in (??).
Definition 3.2. Since r u satisfies the condition (??) and defines an affine structure on each leaf that is f -invariant we say that it is a transversely Hölder u-ratio function. If r u is invariant under holonomies h (i.e. r u (I : J) = r u (h(I) : h(J))) then we say that it is a transversely affine ratio function. Similarly for stable ratio functions.
If f is an affine model then r u is a transversely affine ratio function.
Lemma 3.3. If Λ contains a twinned u-leaf then r s is not a transversely affine ratio function.
From Lemma ?? we immediately obtain the following result: Lemma 3.4. If Λ contains a twinned leaf then there are no affine models for Λ.
Proof of Lemma ??: Let us suppose by contradiction that there is an affine model for f . For arguments sake assume that the twinned leaf is unstable. Let the full u-leaf segments I and J and the periodic points p ∈ I ∩ Λ and q ∈ J ∩ Λ be as in the definition of a twinned leaf. Let m be the common period of the periodic points. Fix z ∈ I ∩ Λ and z ∈ J ∩ Λ such that z and z are the endpoints of a full s-leaf segment which does not intersect Λ. Choose a full u-leaf segment K such that there is a holonomy h : J ∩ Λ → K ∩ Λ. For every n = 1, let y n ∈ I ∩ Λ, y n ∈ J ∩ Λ and y n ∈ K ∩ Λ be such that f mp (y n ) = z, f mp (y n ) = z , and h(y n ) = y n (see Figure ?? ). The ratio r(y n , y n , y n ) between the length of the full u-leaf segment with endpoints y n and y n and the length of the full u-leaf segment with endpoints y n and y n , when measured in a chart of the affine atlas, is well-defined and does not depend upon the chart considered.
Since the holonomy is affine, the value of the ratio r(y n , y n , y n ) does not depend upon n = 1. Since f is also affine, r(y n , y n , y n ) is equal to r(z, z , f mp (y n )). Therefore, the value of the ratio r(z, z , f mp (y n )) does not depend upon n = 1. But, by construction the sequence f mp (y n ) converges to z which implies that the ratio r(z, z , f mp (y n )) converges to zero, which is absurd. 
defined by g(x, y) = (x + y, x) and with Markov partition M = {A, B}. Figure 6 . The cardinality of the primitive holonomic system H = {h 1 , h 2 , h 3 , . . .} is not finite.
The last condition means that f (M i ) goes across M j just once. The proper rectangles M i ∈ M are called Markov rectangles.
A ι-primitive holonomy h : I → J is a holonomy with the property that for all x ∈ I, there are two distinct spanning leaf segments ι (x, M x ) and
where M x and M y are Markov rectangles and ι (x, h(x)) is the ι-leaf segment with endpoints x and h(x). For each Markov rectangle M choose a spanning leaf segment
. This is a primary cylinder. Set K = {K M : M ∈ M}. A ι-primitive holonomic system H = {h a } is the smallest set of ι-primitive holonomies such that (i) for all K M ∈ K and all x ∈ K M there is h a : I a → J a with x ∈ I a ; and (ii) for all h a : I a → J a in H, we have that Figure  ?? ).
Lemma 4.1. For Anosov systems the stable and unstable primitive holonomy pseudo-groups are generated by a finite complete set of holonomies. This is also the case for the stable holonomies of proper codimension 1 attractors.
However, there are cases where the complete set of holonomies is forced to be infinite. This is the case for systems like the Smale horseshoe (see Figure ?? ). Proof: The number of primitive s-holonomies is two times the minimal number N of stable leaves which cover the s-boundaries of the rectangles contained in the Markov partition with the property that the interior of each one of these leaves is contained in at most two s-boundaries of Markov rectangles. Now, it follows in the Anosov case that N is finite. For proper codimension 1 attractors, using Remark ??, N is finite for a similar reason. Remark 4.3. Since H = {h a } can contain infinitely many maps defined on different leaves we must define this uniformity. Fix a Riemannian metric ρ which is C 1+γ . Then, define A ι (ρ) to be the set of all maps i : I → R where I = Λ ∩Î withÎ a full ι-leaf segment such that if W ι (x, ε) ⊂Î then i extends to an isometry between the induced Riemannian metric on W ι (x, ε) and the Euclidean metric on the reals. We call A ι (ρ) the ι-lamination atlas determined by ρ. If I is a ι-leaf segment (or a full ι-leaf segment) then by |I| ρ we mean the length in the Riemannian metric ρ of the minimal full ι-leaf containing I. The important point about this is that it determines the smooth structure on the leaves and gives an atlas that is bounded in the sense that the overlap maps are uniformly bounded in the C 1+γ norm. Because of the latter point it is a useful tool to define uniformity of the holonomic system H. We say that H = {h a } is uniformly C 
